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Abstract. Suppose that / is a Lipschitz function on R with ||/||Lip < 1- Let A be a bounded 
self-adjoint operator on a Hilbert space W. Let p £ (1, oo) and suppose that x £ B(H) is an 
operator such that the commutator [A, x] is contained in the Schatten class S p . It is proved by 
the last two authors, that then also [f(A), x] £ S p and there exists a constant C p independent 
of x and / such that 
gi \\[f(A),x}\\ p <C p \\[A,x]\\ p . 

, The main result of this paper is to give a sharp estimate for C p in terms of p. Namely, we show 

2 

that C p ~ ^zt- I n particular, this gives the best estimates for operator Lipschitz inequalities. 

We treat this result in a more general setting. This involves commutators of n self-adjoint 
operators A±, . . . ,A n , for which we prove the analogous result. The case described here in 
the abstract follows as a special case. 



1. Introduction 

Recently, the last two authors proved that Lipschitz functions on K act as operator Lipschitz 
functions on the Schatten classes S p for all p G (l,oo), see [18], [21]. That is, suppose that 
/ : K — > K is a Lipschitz function and 



1/(0-/(01 ^ 

Lip = SUp ~ < 1. 

P lie -Ok " 



Let p G (1, oo). Suppose that A, B are bounded, self-adjoint operators such that A — B G S p . 
Then, it was proved in [TB] that also f(A) — f(B) G S p and there is a constant C p < oo 
independent of A, B and / such that 

(1-1) \\f(A)-f(B)\\ p <C p \\A-B\\ p . 

We denote C p for the minimal constant for which the inequality (II. ip holds. 

For the case p = 1, the analogous result fails. That is, there is no constant C\ such that 
the inequality (11. ip holds as was proved in [5]. For the case p = oo the analogous statement 
also fails as was proved in [13]. 

This raises the question of what the growth order of C p is as p approaches either 1 or oo. In 
[13] it was proved that C p ^ p 8 as p — > oo and C p -< (p — 1)~ 8 as p 1 1. In fact, in [13] a more 
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general result is covered involving an n-tuple of commuting self-adjoint (bounded) operators. 
We refer to [HJ Theorem 5.3] for the precise statement. 

In [IB] an estimate for the asymptotic behavior of C p was not mentioned explicitly. However, 
it is in principle possible to find an upper estimate for C p from the proof presented in |18j . 
These proofs involve the Marcinkiewicz multiplier theorem as well as diagonal truncation and 
do not lead to a sharp upper estimate of C p . 

The main result of this paper is a sharp estimate for C p . Namely, we prove that C p ~ p 
as p — > oo and we prove that C p ~ (p — as p i 1. Our result is stated in terms of 
commuator estimates in Schatten classes. In particular, it sharpens the estimates found in 
[13] for n-tuples of commuting self-adjoint operators. 

The novelty of our proof is that we apply the main result of [B] . In [5] sharp estimates were 
found for the action of a smooth, even multiplier that acts on vector valued L p -spaces. The 
norm of such a multiplier can be expressed in terms of the UMD- const ant of a Banach space 
(we recall the definition below). This result together with the so-called transference method 
forms the key argument that allows us to improve the known estimates for C p . 

This paper relates to the general interest of finding the best constants in non-commutative 
probability inequalities. In particular, major achievements have been made considering the 
best constants of Bur kholder /Gundy inequalities [12], [20], Doob and Stein inequalities [12] 
and Khintchine inequalities [9], |lUj . 

The structure of this paper is as follows. Section [2] recalls the necessary theory on Fourier 
multipliers. In Section [3] we construct a special multiplier that forms a key step for our main 
result. In Section |4] we recall the theory of double operator integrals and prove the necessary 
lemmas on discrete approximations. Section [5] contains our main result and the core of our 
proof. 

General conventions. For p £ [1, oo) we write S p for the Schatten-von Neumann classes. 
These are the non-commutative L p -spaces associated with the bounded operators on a Hilbert 
space % with respect to the standard trace r. For p £ (1, oo) we use p' £ (1, oo) to denote the 
conjugate exponent, which is defined by - + ^ — 1. We use \ to denote an indicator function. 
Let C p , Dp £ M + be constants depending on p £ (1, oo). We write 

C p ~ D pi 

if there are constants a, b such that a < C p /D p < b for all p £ (1, oo). In particular, in this 
case C p and D p have the same asymptotic behavior as p — > oo or p 4. 1. 

2. Construction of Fourier multipliers 

We recall the theory of L p -Fourier multipliers and their vector valued counterparts. In this 
section £ = (£i, . . . , £n) is always a vector in M. n . fi is always a number in R. 

2.1. Multipliers. A function m £ L°°(IR n ) defines a bounded linear map: 

T m : L 2 (R n ) L 2 (R n ) : / ^ (J^ 1 o m o T 2 )(f). 
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Here, 7 2 : L 2 (IR n ) ->■ L 2 (R n ) is the Fourier transform that is defined for / G L^R") n L 2 (R n ) 
as: 

WHO = 4= / /We-^da. 

VZ7T 7r™ 

Let p 6 [1, oo). Suppose that for every / G L 2 (M n ) n L p (R n ) we have T m (/) G L p (M n ) and 
(2.1) T m : L 2 (R n ) n L p (M n ) -»■ L p (M n ) 

extends to a bounded map on L p (M n ). Then, we call m an //-multiplier and we keep denoting 
the extension of (12. ip by T m . m is called homogeneous (of degree 0) if for every A G M + we 
have m(A£) = m(£). We call m even if m(— £) = m(£). m is called odd if m(— £) = — m(£). 
A homogeneous //-multiplier is called smooth if it is smooth on the unit sphere in W 1 (or 
equivalently, if it is smooth on M n \{0}). 

Remark 2.1. Let p G [1, oo). By definition, the set of //-multipliers forms an algebra. 

2.2. Vector valued multipliers. We are mostly concerned with vector valued counterparts 
of //-multipliers. Let E be a Banach space. Let (X, p) be a cx-finite measure space and p G 
[1, oo). Let L E (X) = L p E (X,p) denote the space of strongly measurable functions / : X — > E 
for which there is a separable subspace E C E such that f(X) C E and 

:= njf{x)\\*dti*)Y <oo. 

Let T : L P (X) — > L P (X) be a bounded operator. Then, T defines a linear map on the simple 
functions of L P E (X) which we denote for the moment by 

n n 

T(E) : ^XkXAk H- y^x fc r(xA fe ), x fc G -E, A fc C X measurable. 
fc=l fc=i 

In case, 

sup {\\T(E) {f) || | / simple and < l} 

is finite, the map T(E) extends to a bounded map T(E) : L P E (X) — > L P E (X). 

Notation 2.2. We write T for T(E) : L P E {X) -> It will always be clear from the 

context if T acts on L P (X) or L E (X). 

In particular, we apply the previous construction to the special case where (X, p) is W 1 
equipped with the Lebesgue measure, E is a non- commutative L p -space and T is T m for some 
L p -multiplier m. 

Remark 2.3. Suppose that m is a L p -multiplier such that T m : L^(R n ) — > L p E (M. n ) is bounded. 
Let A : M™ R n be a linear invertible transformation. Then, also T moA : L p E {R n ) -»■ L|,(M n ) 
is bounded with the same norm. This follows from the observation (see also [SI p. 557]): 

(T moA /)(0 = (T m (/oA T ))((A T )- 1 0- 
Here, A T is the transpose of A. 
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Remark 2.4. Let GL n (M) denote the invertible n x n-matrices. Let A G GL n (R). For 
/ G L p E (R n ), let A*(f) = f o A. So A* defines a bounded map on L p E (R n ), (with bound given 
by the determinant of A" 1 , as follows from a substitution of variables). Let 

[0,1] -+GL n (R) A t 

be a continuous path. Then, t H- A* is a strongly continous path with values in the bounded 
operators on L E (M. n ). Indeed, one can check that for simple functions / G L p E (W n ) the path 
t i — y A* t (f) is continous and then use the fact that t t— > \\A*\\ is bounded. Let m be a L p - 
multiplier and let E be a Banach space such that T m : L E (M. n ) — >■ L^.(lR n ) is bounded. Then, 
the strong integral J T mo A t dt exists and defines a bounded map on L p E (M. n ). 

2.3. Discrete multipliers. Let m G L°°(lR n ) be an odd //-multiplier. Put rh G L°°(Z n ) by 
setting m(A;) = m(k), k G Z n \{0} and m(0) = 0. For / a finite trigonometric polynomial, we 

set 

(wx*) = x>(*)/(*) e<w - 

Here, /(/c) = J T „ f(8)e~ lk ' e d6, where the n-torus T n is considered with the normalised Lebesgue 
measure. The following theorem gives a sufficient condition on m in order to extend T m to a 
bounded map on L p (T n ). 

Theorem 2.5 (Theorem 3.6.7 of [7]). Let m G L°°(IR n ) 6e an odd function that is smooth on 
M n \{0}. Let p G [1, oo) and suppose that m is a L p -multiplier. Let E be a Banach space and 
suppose that T m : L p E (R. n ) — > L p E (M. n ) is bounded. Then, 

(2.2) \\Trn : L p E (T n ) ^ L^(TT)|| < \\T m : L p E (R n ) -+ L p E (R n )\\. 

Remark 2.6. Theorem 12. 51 was proved for E — C in [3 Theorem 3.6.7]. For a general Banach 
space E, the statement follows from a mutatis mutandis copy of its proof. The exact statement 
of Theorem 12.51 can also be found as |H Lemma 2.2]. 

2.4. The UMD-property. Let E be a Banach space. E is said to have the \JMD -property 
(Unconditional Martingale Differences) if there exists a constant C P (E) with p G (1, oo) such 
that for every probability measure space (f2, E, fi) and every sequence of a-subalgebras B\ C 
i3 2 C ... C E and every martingale difference sequence {<i n }^L 1 with respect to {Br^^ =x in 
L E {VL), the sequence {d n }^ =1 satisfies: 

n n 

(2-3) || ^efc« fc 4|| L p (n) < Cp(£) || ^Q!fc4|U?(n) 

fe=i fc=i 

for every = ±1 and scalars {ak}'^L 1 and all n = 1,2,.... We will denote the minimal 
constant C P (E) for which (12.31) holds by XJMD p (E). This constant is also called the UMD- 
constant of E. 

Theorem 2.7 (Theorem 4.3 and Remark 4.4 of [IS]). The Schatten class S p is a UMD-space 
for every p G (1, oo). Moreover, 

2 

UMD P (S P ) ~ 
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Remark 2.8. Theorem 12.71 is also valid if S p is replaced by a non-commutative L p -space 
assocated with an arbitrary von Neumann algebra M. This particularly applies to Haagerup 
L p -spaces associated with a non-semi-finite von Neumann algebra M, see [T9]. For Haagerup 
L p -spaces we refer to [5], |22j . 

2.5. The Hilbert transform. Consider the function h : R n — > C : £ H- i sign^) where we 
use the convention sign(O) = 0. Let E be a UMD-space. Then, for every p G (1, oo), 

(2.4) T h : L p E (R n ) L p E {R n ) 

is bounded. In fact, E is a UMD-space if and only if (12.41) is bounded for every p G (1, oo) 
rjj, [2]. Th is also called the Hilbert transform, see also Chapter 4]. 

2.6. The Riesz transform. Consider the function r,- : R n — > C : £ h- >■ z-iiffr where we use the 
assumption 7j(0) = 0. Let E be a UMD-space. Then, for every p G (1, oo), 

(2.5) T r . : L p E {R n ) L p E (R n ) 
is bounded. 

T r . is also called the Riesz transform, see also [3 Chapter 4] . 

3. Construction of a special multiplier 

The goal of this section is to construct a specific smooth homogeneous even multiplier rnj. 
This multiplier plays an essential role in Sectional In this section £ = (£ 1; . . . , £ n ) is always a 
vector in R n . n is always a number in K. 

Lemma 3.1. For 1 < j < n, i/iere exists a function rriij on R n+1 such that 



(3.1) mij(£,/i) 



||€||a HClla fJ ||(| i ^ 1 

^nHr>l 



and moreover, such that for every p G (1, oo) and UMD-space E, the map T mi . : L p E (R n+1 ) — > 
L p E (R n+1 ) is bounded. 

Proof. Recall that we use the convention sign(0) = 0. Let h(^) = i sign(£i), see also Section 
12.51 We start with observing that 

i f 1 if&>0, 

(3.2) ^{-iKC) + l) = { \ if 6 = 0, 

1 [ if 6 < 0. 

Hence, ~(— ih(£) + 1) is equal to the indicator function X[o,oo)(£j) exce pt for the point 0. Let 

h a ,b(£, lA = i sign(6£i + ... + b£ n + a/i) 
be the multiplier associated with the Hilbert transform ( 12. 4 p precomposed with the linear map 

A a ,b ■ (fl, ...,£ n ,[i)i-> + ■ ■ ■ + b£ n + dfl, £ 2 , . . . , £ n , fl), 

see Remark [231 Put k = | J_ x hi^dt. So, 

1 r 1 

(3.3) k(£, ft) = -i / sign(^i + . . . + t£ n + n)dt. 
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If M > 16 + • • • + £n|i then sign(^i + . . . + t£ n + fi) = sign(/i) for every t G [-1, 1]. If 
| /la J < \£i + . . . + £ n |, then ( 13. 3 p is equal to 

fc(£, A*) =7^ / 1 sign(^i + . . . + t£ n + ji)cft + -i / signal + . . . + t£ n + ^)dt 

1 /" ;i+. M .+Sn 1 Z" 1 

=-?y sign(-6 - . . . - f n )dt + -z J ^ signal + ... + £ n )cft 



€l + ... + €n 



So we conclude, 
Fore = ( ei ,...,e n )e{-l,l} n , put 



n | j 



ifH<|6 + -.. + 6 

isign(/i) if \n\ > |£i + . . . + f n |. 



fc e (f , /i) = fcfofi, . . • , eifi, //) • ^^-(-^(e^j) + 1). 

We can explicitly describe k e . The next formula can be determined by first considering the 
value of k e (£, /i) for the case that for every 1 < j < n we have £j > 0. In that case, keeping in 
mind (13.21) . one arrives at equation (13.41) below. Similarly, we can compute fc e (£,/V) for other 
signs of £j. This results in the following expression: 



i 



i 



W ^mS if ^ ~ 161 + • • • + 1^1 and Vj : e ^ " °' 
(3.4) fc 6 (£, /i) = <( ? ^ sign(/i) if |//| > |ei| + ... + |£„| and Vj : > 0, 

else, 

where Z(£) is the number of coordinates j for which £j = 0. Put /<" = ^) e6 r_ 1 nn Then, 
treating again the different possibilities for the signs of £j separately, one computes 



(3.5) 



ifN<liei|i, 
isign(/i) if > ll^lli. 

Next, for e = (e 1; . . . , e n ) G { — 1, l} n . Consider the multiplier: 
r 6 (£,/*) =z^i.n^^HMe,0) + l)- 

i(-ih^) + 1) i(-i/i(e • £ - Ai) + 1) + ^(-</i(-A*) + 1) i(-<Mc ■ e + A*) + 1)) • 

Note that for (£, //) to be in the support of r e , we must have for all 1 < j < n that sign(£j) = €j 
or ^ = 0. Moreover, every (£, /x) in the support of r t must satisfy ||£||i > /i in case /i > and 
||£||i — ^ m case f 1 — 0- Then, with /(£) as before, and taking into account that e ■ £ = ||£||i, 



if |/x|<||e||iandVj:e^>0, 
if > ||e||i or 3j : e^- < 0. 
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Put R = XL G {_i,i}n r e- Then, 

(3.6) R((,») = \p Vfltln' 

{ if \fi\ > iidli. 



Recall the Riesz transform rj from Section 12.61 We define the multiplier, 

Then, it follows from ( 13. 5p . ( 13. 6 p and (12. 5p that mij satisfies (13.11) . 

Let E be a UMD-space and let p G (1, oo). By construction of mij the map 



is bounded as follows from Remarks 12.11 and 12.41 and the fact that the Hilbert transform and 
Riesz transform are bounded operators on L^(IR n ). 

□ 

Lemma 3.2. There exists a homogeneous even function rrij on IR n+1 that is smooth on 
M n+1 \{0} such that 

(3.7) m i (e,/x)= tfft^ 1 ' 

and moreover, for every p G (1, oo) and UMD-space E, the map T m . : L E (W a+1 ) — > L p E (M. n+1 ) 
is bounded. 



Proof. Let mij be the L p -multiplier of Lemma 13.11 For every A G 1R + the function m^, 
T m ij(£> -V0 i s a l so a L p -multiplier, see Remark [2.31 Note that, 



(3.8) mxjfan) = < 



ifAH<neii 



i- 



ifA|/x|>||e||i. 

Let s : [0, 1] — > [0, oo) be a smooth function with support contained in [|, |] and f Q s(6)d6 
1. Set, 

(3.9) rrij = / s{X)m\j dX. 

Jo 

Consider the areas 

A 1 = \(Z,n)eW+ 1 \\\Z\\ 1 <hvi\ 



A 2 = {(U)er +1 | U\\i>l\»\ 
^3 = {(e,M)eR ri+1 |^H<lieili<l^l 

We have A\ U A 2 U A 3 = M n+1 \{0}. Now, we check that m,j is smooth on each of these areas. 
For (£, fi) G A±, we find that mj(£, /x) = as follows from (13.81) together with the fact that 
the support of s is contained in [|, |]. So rrij is smooth in A\. For (£, /x) G A 2 , we find that 

(c \ ^ & 



UhUh 
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Indeed, this follows again from (13. 8 j) together with the fact that the support of s is contained 
[|,|]. So rrij 



in [|, |]. So mj is smooth on A 2 . Since every (£,/i) G A 2 satisfies -M- < 1, this also proves 



that rrij satisfies (13 .7p . Define S(t) = s(\)d\, which is a smooth function on the open 
interval (0, 1). For (£, ji) G A 3 we find that 



Mill 



--S 



o 



1 

£lli 



mi ) \\ih\\ih 



Here, the second equality follows from (13. 8p . The other equalities follow from the definitions. 
Hence, we see that rrij is smooth on A3. We conclude that rrij is smooth on IR n+1 \{0}. 

Let E be a UMD-space and let p G (1, 00). In Lemma \3. II we proved that T mij : L E (M. n ) — > 
L^(IR n ) is bounded. The definition of T m . together with Remark 12.41 implies that also T m . : 
L^lW 1 ) — > L p E (M. n ) is bounded. Since mij is even, also rrij is even. □ 

The following theorem forms the key step in finding the best constants for commutator 
estimates in Schatten classes. 

Theorem 3.3 (see Theorem 3.1 of [6]). Let p G (l,oo) and let E be a UMD-space. There 
exists a constant C that is independent of p, j and E such that: 

\\T m] : L p E (R n+1 ) ^(M"' +1 )|| < C ■ UMD P (E). 

Remark 3.4. Let E be a UMD-space and let p G (1, 00). Using [SJ Proposition 3.8] it follows 
directly that for any homogenenous even function m G L°°(IR n+1 ) that is smooth on IR n+1 \{0}, 
the transform T m : L p E (M. n+1 ) — > L E (R n+1 ) is bounded. This observation could be used to 
supply an alternative proof of Lemma l3~2l Here, we have chosen to give a self-contained proof. 



4. Double operator integrals 

The goal of this section is to recall the basic notions of double operator integrals [16J. 
We prove the necessary results in order to see that certain double operator integrals may 
be approximated by discrete versions of double operator integrals. Troughout this section, 
£ = (£1, . . . , £ n ), £ = (£1, • • • , £n) are vectors in M n . Recall that r denotes the standard semi- 
finite trace on the bounded operators on a Hilbert space "H. 

Let E be a spectral measure on W 1 having finite support taking values in the orthogonal 
projections on a Hilbert space %. E generates an n-tuple of commuting self-adjoint bounded 
operators 

(4.1) A=(A 1 ,...,A n ), withA fc = f £ k dE(0. 
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We also set 

f(A) = [ f(OdE(0. 

Let A,BCW n be measurable subsets. The mapping (E®E)(A x B)(x) = E(A)xE(B),x G 
S2 defines an orthogonal projection on S%. The mapping naturally extends to a spectral 
measure on the Borel sets of MJ 1 x M n . We denote this measure by F. 

Let : M n x W 1 be a bounded Borel function. The mapping 

defines a bounded operator on <S 2 . 1$ is called the double operator integral of with respect 
to the measure E. If : 52 D S p — > S p admits a bounded extension to S p , then we keep 
denoting this map with Suppose that </>(£,£) = /(£) — /(£) for a Borel function / on IR n . 
Then, 

(4.2) X^x) = f(A)x - xf(A), x G S 2 . 

Define = 1 if £ = £ and = if £ 7^ £. An element a; G 52 is called off-diagonal 

(with respect to i?) if 

z«0O = / / ^,£>(£,0(z) = o. 

JR™ JR" 

For x, y G <?2, we define a finite measure on IR n x W 1 by 

i/ y ,a.(n) := r(yl xn x), fi C R" x M n a Borel set. 

Remark 4.1. In case the operators Ai, . . . , A n are unbounded, the analysis below becomes 
much more intricate. One has to treat the domains of the various operators and commutators 
very carefully, see for example |17j . 

Lemma 4.2. Let Bj 1 < j < n be a tuple of bounded commuting operators. Similarly, 
let Cj 1 < j < n be a tuple of bounded commuting operators. Put B = (Bi,...,B n ) and 
C = (Ci, ...,C n ). Then, for all s G R n , 

n 

¥ ls - B -e- c \\<Y,\^\\\B-C 3 l 
where we use the notation s ■ B = s\B\ + . . . + s n B n . 

Proof. Using Duhamel's formula [23], see also [TSJ Lemma 8] with r — 1, one finds that for 
any two self-adjoint operators B and C we have 

(4.3) \\e tB -e tC \\<\\B-C\\. 
Therefore, using first the triangle inequality and then (14.31) . 

n 

|| e is-/3 _ g is -C|| < ^ y ^gi{siCi+...+8j-iCj-i+8jBj+...+Sn.Bn) _ e i(s 1 C 1 +...+s j Cj+s j+ iB j+ i+...+s„B n ) ^ 

3=1 

n 

<X)WPi-Cill- 
3=1 
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□ 

For leW, let 

^ = {(£,£) gR"xR«| ||e- fib <y}- 
Then, Ui is an open neighbourhood of the diagonal of R n x R n . 

Proposition 4.3. Let p G (1, oo). Lei y G 5 P D S2 be such that there exists a Ui,l G N* swc/i 
i/iat we /iave J*^ dF(£,£)(y) = 0. Lei : R n x R n — > R be such that there exists a Schwartz 

function O : R™ x R n -> R /or w/mc/j 0(£,£) = 0o(£,£) /or every (£,£) G R" x R n \£/ m . For 
m G Z define a discrete spectral measure E m 

E m {ty= Y e(\^,^±) X...X r^^Lti^y q c R" a Fore/ set 

\ m m J mm)) 

' 777. 

Consider the double operator integral of wif/i respect to E. And similarly, let X™ be the 
double operator integral of wii/i respect to E m . Then, for any z G <Sy D £2, 

r (zX^y) -)• T^zX^y), as m -)• 00. 

Proof. Let and Z^™ be the double operator integrals of 0o with respect to F and respectively 
F m . Our assumption on y and 0o implies that 



My)=[ I <f>(Z,£)dF(Z,i)(y)= [ 4{Z,i)dF(£,£)(y) 
Jr™ Jm.™ Jui 

f MZ,£)dF(Z,£)(y)= [ [ M^OdF(Z,£)(y)=lt (y). 

Ui JM." Jl" 



(4.4) 



For k G Z n and m G N, we set pk, m = E m (—). Let m be large (in fact m > y/nl{l + 1) suffices) 
and let k,k G Z n be such that (—, ^) G t// + i. Then, since f n dF(£,£)(y) = we have that 
Pk, m yPk, m = 0- Hence, we compute 

(4.5) 

W = E ^(^^)^^= E ^(^Jm^ 

E 0o ( — , — ) Pk,m,ypim = E ( — , — ) Pk, m ypt m = 

^— ' \mml ■ *— ' \mml ' vu 

Let 0o be the Fourier transform of 0o- Then, 

MZ>0= f [ Ms,S)e ts< e l ' s -ksd~s. 

This implies that 

x ^o(y)= / 0o(s,5)e is - 4 ?/e iS '- 4 c?scis. 
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Let A™ = J Rn ^dE m (0 and set A m = (A?, . . -,A™). Then, 

I*o(y)-l%(v)= f_ f_ Msrs)(e ts - A ye rsA -e iS - A -ye lS - A -)dsd~s 

Ms, s){e is - A y{e lS - A - e ls ' Am ) + (e a ' A - e lsAm )ye l ~ sAm )dsd~s 



(4.6) 



We find the following estimates asm-) oo, by respectively (14 .4p and (I4.5|) . then applying 
(14. 6 p and Lemma I4T21 and finally using that \\A™ — Aj\\ < ^, 

\\Uy)-i?(y)h=m (y)-my)h 



<2 f [ \Msrs)\J2\ s M A T- A Myhdsd~ s 

JR n JR" . =1 

/ / |jo(a,5)l ^ Isjldsds. 

</R™ ip - =1 



2 „ 

<— 2/ 2 
m 



Since 0o is a Schwartz function, also the Fourier transform 0o is a Schwartz function. So the 
latter expression converges to 0. □ 

Proposition 4.4 (see Lemma 9 of [IB]). Let v be a finite measure on R n x R™. Let <p G 

L 1 (R n x R n ,u). Define, 

M£,i) = (4=) I e-^(e-i?,|-i?)di?. 



v 7I " 

T/ien, — 0||i — > as fc — > oo. 

Proof. Since the bounded absolutely continuous functions are dense in L 1 (M n x R n , v) we may 
assume that <j) is bounded and absolutely continuous. Let e > and choose 5 > such that 
for every (£, £), (77, 77) G R" x R™ with ||(£,£) - (77,77) || 2 < 5, we have |</>(£,£) - (j>(r],fj)\ < e. 
Then, 



loo =SUp 



\\vh>S 



n ,||7?||2<<5 

VV 71 / >/r;eIR n ,||»7||2>5 

The latter expression converges to as k — > 00. Since v is finite, this implies that — </>||i — > 
0. □ 

5. Commutator estimates 

This section contains the main result of this paper. We prove that the best constant for 
operator Lipschitz inequalities and commutator estimates in Schatten-von Neumann classes 

2 

are of order -^—r. 

p-i 
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In this section, £, £ are vectors in IR n . Suppose that / : IR n — > K. is a Lipschitz function. We 
define 0/, ^/ and fy, ipj, 1 < j < n on M n x IR" by 



(5.1) 



o if e = e, 



g.7-C.7 



o if e = e . 



Let E be a spectral measure on R n . Since the functions defined in (15. 1 p are all bounded, the 
double operator integrals with respect to i£ exist as bounded operators on 

s 2 . 

Theorem 5.1. Let p G (l,oo). Let f : W 1 H be a Lipschitz function with \\f\\up < 1- Let 
y G Sp n S 2 be off-diagonal. For every 1 < j < n, we have 

Cv 2 

(5-2) \\X^.{y)\\ p < — y —\\y\\ p , 

p — 1 

for a constant C that is independent of p, the spectral measure E and the Lipschitz function 
/■ 

Proof. In order to prove the theorem, we first make three assumptions on y, E and /. We 
show that each assumption can be made without loss of generality. Firstly, note that we 
assumed that y is off-diagonal. The next assumption shows that we may in fact assume that 
y has no non-trivial part in a specific open neighbourhood of the diagonal. 

Assumption 1. For / G N*, let U x = {(£,£) G R n x R n | ||£ - 1|| 2 < ±}. It suffices to prove 
([572]) for y e S p nS 2 for which there exists a / G N such that cZF(£, £)(y) = 0. 

Let y G 5 P n ^2 be off-diagonal. Let 

vi(Z,0-{ if ||£_£|| 2 < i, ^,O-| 

Then, J*^ dF(£, £)(Z w (y)) = 0. Furthermore, using respectively the definition of X^, the 
Lebesgue dominated convergence theorem and the fact that y is off-diagonal, we find for every 
z G <S 2 , as I — > oo, 

T(zZ 4>f Z 4>j Z< Pl y)= I j 4>f<l>j<pi(€,£)du ZtV (£,£) 

^ -> / <l>f<i>j<Poo(£,i)dvz,v(£>£) 

=r(zZ^2^y). 

Suppose that we have proved the (15.21) with y replaced by X^^y), in particular for a constant 
C that is independent of /. Then, it follows from (15 .3p that also (I5.2p holds for y. In all, this 
shows that we can make Assumption 1. 
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Assumption 2. Suppose that y G S p D S 2 satisfies Assumption 1. It suffices to prove 
Theorem 15.11 under the condition that E is a discrete spectral measure on R n with support 
contained in — Z™ for some m G N. 



We show that indeed Assumption 2 suffices to prove Theorem 15.11 Let / be an arbitrary 
Lipschitz function with H/Hi^p < 1- Let fi,l G N be a sequence of Lipschitz functions with 
ll/llup < 1) suc h that = /(£)£) f° r every (£, £) G [— /,/]" and such that f has compact 

support. Suppose that we have proved Theorem 15. II for all f\. 

Note that for every £, £ 6R" we have |<^/,(£, £)| — ^ an< ^ — ^ P°i n twise. The 

Lebesgue dominated convergence theorem hence entails that for every z G S 2 we have, as 
/ — > oo, 

rizl^l^y) = / (t> fl (£,i)(l>j(£,£)dv Zi y(£,i) 

Jr» jr™ 
=r (zX^X^.y). 



From this limit, it follows that Theorem 15.11 also holds for /. Hence, we may assume that / 
has compact support. 
Let 



7r , 

be a dilated Gaussian and put fk — Gk* f- By Proposition 
(5.4) 

JR" 7R" 

I / <f>f(£,i)dvz,i4,.y(t„£) = rizX^X^.y), for every z G S p > R <S 2 . 
Jk" jr« j 

The function is Schwartz since / has compact support. Furthermore, ||/fc||Lip < 1- Suppose 
that Theorem 15.11 is proved for all fk, in particular with C independent of k. Then, (15. 4p 
implies that Theorem 15.11 also holds for /. In all, this proves that we may assume that / is a 
Schwartz function. 

Now, assume that / is a Schwartz function. Let E be a spectal measure on M. n . We define 
discretized spectral measures by setting 

E m (Q)= y e(\^, x...x feVtl^y ft C IT a Borel set. 

/ — ' V m m I mm)) 

' m 

Let X^ and be the double operator integrals of 0/ and respectively <pj with respect to the 
spectral measure E m . Let Ui,l G N* be the open neighbourhood of Assumption 1 for y. Since 
/ is Schwartz, there is a Schwartz function 0j O on ^ n x ^™ such that 0/.o(£;£) — <j>f(£,Q f° r 
every (£,£) el"x M n \?7i + i. It follows from Proposition 14.31 that 

(5.5) lim t(zX™X™v) = T^zX^.y), for every z G S p / D <S 2 . 
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Suppose that we have proved (I5.2p for Z^,Z^ and y as in Assumption 1. In particular, the 
sequence in m given by X™X^y is bounded in S p . Then, it follows from (I5.5P that also (15. 2p 
holds for T^jT^ji). In all, this proves that without loss of generality we can make Assumption 
2. 

Assumption 3. Let y be as in Assumption 1 and let E be a spectral measure as in 
Assumption 2. So the support of E is contained in — Z n . It suffices to prove Theorem 15.11 
under the condition that / is a Lipschitz function with ||/||Lip < 1 and such that there exists 
a N EN such that / maps ^Z n into ^Z n . 



We prove that Assumption 3 is sufficient to conclude Theorem 15.11 Let B m : R™ -^Ibea 
smooth function such that B m (0) = 1 and the support of B m is contained in [— ^— , ^— ] n - Put 



MO = fit) + £ 



fcez™ 



N 




Then, maps ^Z n to and we have H/jvlkip < 1 + jj\\B m \\u P and ||/ - f N \\ Up < 

jj\\B m \\u P - Moreover, for z G S p i R 5 2 , 

r ( z ( x 0/ JV - X 4>f) x ^v) <llfe -0/)0illoolN|| 2 |bll2 
( ' j <ll/^-/lliip||^lloolN| 2 |Mk 

which converges to as A — >■ oo. Suppose that (14. 6 p is proved for all functions Qn '■= 
(1 + -^ll-BmllLip)" 1 /^, (so that ||<7jv||Lip < 1)- Then, in particular X^^X^/y G 5 P is bounded in 
A. It follows from (I5.6P that also X$ s X^.y is contained in S v and satisfies the estimate (15. 2p . 
In all, we conclude that without loss of generality, we can make Assumption 3. 



We now prove Theorem 15.11 under Assumptions 1, 2 and 3. For k = (k\, . . . , k n ) G Z n , 
define the spectral projection 



Pk = E 



ki ki + 1 



x . . . x 



k k 



m ' m 



m m 

For (el" and /i6l, define the unitary operator acting "H by 
For y as in Assumption 1, put 

h y = u ■ y ■ u* . 

Naturally, h y G L^ p (T n+1 ). We consider T n+1 equipped with the normalized Lebesgue mea- 
sure. Then, ||/iJ L ^ (T „+i) = \\y\\ p . 

Fix k,k G ^Z n - Let y G PkS p pj, satisfy the condition of Assumption 1. Since {pjjjez™ is a 
family of mutually orthogonal projections, 

(5.7) hy(£, //) = e 2 ™ mN ^-^< + ^~f^y. 
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Let 8 s j with s G Z n ,t G Z be the function on Z n+1 that attains the value 1 on (s,t) and 
vanishes everywhere else. Taking the Fourier transform of h y , we find 

^2 (h y ) = S N{k _^ mN{n ^_ f ^ ))y G L 2 Sp (Z n+1 ). 
Using rhj , the discretized version of rrij , see Theorem 12.51 and Lemma 13.21 

= {T^ o fhj) (* JV(fc _fc )>mAr(/( A ) _ /( A )) J/ > 
f f A") _ f C A) hi _ tl , 

(5 8) J ^m' •> ^-m' m to x — 1 fx 

life _ III ||A_A|L 2 r*(*-k),m*(/(£)-/(&)) y 
II m m 11^ I'm m"' 

ff A") _ f (A) % _ % 

■> \ m / V m / m to L 

II A All || A fc.ll y ' 

On the other hand, recalling that y G Pk<S P Pk, 

f(JL) _ ff A) hi _ hi 



I /c /c 1 1 1 1 Aj /^ i i 
m m 1 1 ^ 1 1 m m 1 1 



It follows from (15. 7p . ( 15. 8 p and ( 15. 9 p that for every y G span j^S^p^ | fc, k G ^Z j that satisfies 
Assumption 1, 

(5.10) Tffyhy = u ■ I^L^y ■ u*. 

In particular, T^pL^.y G S v for all 1 < j < n. Taking the norm in L p s (T n+1 ) on both sides of 
(I5.10p . one obtains the inequality 

W^f^yWp =\\u • Xfyl^y ■ w*||x,p (T n+i) 

= ll T m J ^||Lg p (T«+i) 

<||T % : L^(T" +1 ) L^(T" +1 )||||^|| LPsp(T „ +1) 
= 11^. :^(T" +1 )^^(T" +1 )||||y|| p 
Using respectively Theorem 12. 5[ Theorem 13.31 and Theorem 12. 7[ we continue the inequality: 

IIx^MIp <H t ^ : ^ P (T n+1 ) -> ^(t^himi, 

<||T^ ^(a^-^ZS-CR^IIHyll,, 
<d UMD p (,S p )||y|| p 

^ 2 || II 

where Ci and C*2 are constants that are independent of the Lipschitz function /, the spectral 
measure E and p G (1, oo). Since span ^p k S p p^ \ k, k G ^Z j is dense in S p , this concludes the 
theorem. □ 
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Theorem 5.2. Let f : R n — > M be a Lipschitz function with ||/||Lip — 1- Let E be a spectral 
measure on M. n and let A = (Ax, . . . , A n ) be defined as in ( |^.1| ). Let p G (1, oo). Let x G B(H) 
be such that for all 1 < j < n we have [Aj,x] G S p . Then, also [f(A),x] G S p . Moreover, 
there exists a constant C that is independent of p G (l,oo), the spectral measure E and the 
Lipschitz function f such that 

(5.H) \\lf(A),x]\\ p <-^-J2\\^ x ^ 

P i=i 

Proof. First assume that x G S p fl S2. In that case, 

n n 

(5.12) [f(A),x] = I+ f (x) = ^X^X^.(x) = Y,Z*frAA 



31 x \ 



Here, the first and third equality are an application of (I4.2p . The second equality is a conse- 
quence of the fact that g H- X g is an algebra homomorphism from the bounded Borel functions 
on W 1 x W 1 to the bounded operators acting on S2- By Theorem 15 .11 we have for all 1 < j < n 
that X^ s X^,.\Aj,x\ G S p and moreover, 

(5-13) ||X^[^,x]|| p < -^\\[Aj,x}\\ p . 

for a constant C which is independent of p, E and the function / with H/Hup ^ 1- Clearly, 
( I5.12p and (I5.13P imply Theorem 15.21 

Now, let X = B(H) and 9t = S p . For x G X, let Sj(x) = [Aj,x],T{x) = [f{A),x\. For 
x G OT, let Rj(x) = Tfy s Tfy.{x). We will show that [HI Lemma 5.1] is applicable. The proof is 
exactly the same as the final part of the proof of [TH Theorem 5.3]. We sketch it here. Firstly, 
for x G n™ =1 ker(S , J ) we have for all 1 < j < n that [A^x] = 0. Hence, [/(A),x] = and 
condition (1) of [TU Lemma 5.1] is satisfied. Secondly, as explaind in the proof of [TU Theorem 
5.3] for any self-adjoint Z G B{l-L) the mapping T z : X — > X : x >-)■ [Z, x] is hermitian and 
hence satisisfies ker(T^) fl Tz(X) = {0}. Hence, condition (2) of [HJ Lemma 5.1] is satisfied. 
Finally, 

RjW c i^fi^m c i^t c c Tx. 

Here, the second inclusion follows from [T3J Lemma 2.4]. This proves that condition (3) of 
[HJ Lemma 5.1] is satisfied. Applying [HJ Lemma 5.1] yields that 

(5.14) [f(A),x] = Ys X h X *A A iM, 

3=1 

for every x G B(T-i) such that for all 1 < j < n we have [A/,x] G iS p . Applying Theorem 15.11 
to f)5.14p yields Theorem 15.21 □ 

Remark 5.3. In [TU Theorem 5.3], Theorem 15.21 was proved with the weaker estimate 
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In [2] the norms of the two double operator integrals Wf and Vj appearing the proof of [T4"l 
Theorem 5.3] are estimated separately with constants that do not give the same sharp result 
as in Theorem 15.21 The novelty of our proof is the fact that we use the main result of [HI 
Theorem 3.1] (see Theorem 13. 3p to give a direct estimate of X^L^,. 

Remark 5.4. The estimate C v < j^- given in Theorem 15.21 is the best possible in the sense 
that in fact 

Cp 2 



c p ~ 



V 



Corollary 5.5. Let f : R — >■ R be a Lipschitz function with \\f\\up < 1- Let p G (l,oo). 
Let X, Y G B{^K) be self-adjoint operators such that X — Y G S p . Then f(X) — f(Y) G S p . 
Moreover, there exists a constant C that is independent of p G (l,oo) and the Lipschitz 
function f such that 

(5-15) \\f{X)-f{Y)\\ p <^\\X-Y\\ p . 
Proof. Apply Theorem 15.21 to the case n = 1 and with 



At 



x 






f 




\ o 




, x = | 




i 



□ 



Finally, we show that Theorem 15.21 implies some variant of a weak L x -type inequality. For 
A G B(7i) a compact operator and for t G [0, oo), let 

lh{A) = mf{\\ Ap\\ | p G B(H) projection such that r(p) < t}. 

denote the decreasing rearrangement of singular values. Let £ 1,0 ° be the weak L 1 -space asso- 
ciated with B(1-C). It is defined as the space of all compact operators A G B{H) for which 

||^4||i,oo = sup tfj, t (A) < oo. 
te[o,oo) 

Consider also the space M l oo consisting of all compact operators A such that 

IH|m 1i00 = sup logil+ty 1 (j l8 (A)ds < oo. 
te[o,oo) Jo 

We have a norm decreasing inclusion £ 1,0 ° C Mi j00 . The following corollary is now a multi- 
variable version of the result obtained in [151 Theorem 2.5 (ii)]. 

Corollary 5.6. Let f : IR n — > R be a Lipschitz function with ||/||Lip — 1- Let E be a spectral 
measure on R n and let A = (A±, . . . , A n ) be defined as in d^.i[ ). Let x G B{T-C) be such that 
for all 1 < j < n we have [Aj,x] G S±. Then, also [f(A),x] G Mi )tX3 . Moreover, there exists a 
constant C that is independent of E such that 

n 

\\[f{A),x}\\ M ^<cY,\U J ,x]\\ l . 

3=1 
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Proof. Put T = [f(A),x]. Let s y> 1, set p — log(s) and q = Then, using the Holder 
inequality, Theorem 15.21 and the inclusion Si C S q , we find, 



i 

i / / " . . \ q 



n n 

<s*\\T\\ q < spCq^2\\[Aj,x]\\ q < spCq^2\\[A j7 x)\\i. 

3=1 3=1 

Since s^q = e ^^i < l°g( s ) f° r large s, we find that 

/ v t (T)ds <Clog(s) VH^-^lll!, 
Jo j=1 

which implies that ||T|| A ,/ l oo < C^" =1 ||[Aj,a;]||i. □ 

Remark 5.7. According to [U Theorem 4.5] (see also [21 Theorem 2.1]) the || • ||M ltx ,-norm is 
equivalent to the norm 

(5.16) ||A|| C = limsupGo - 1)||A|| P . 



Using this observation, one may obtain an alternative proof of Corollary 15.61 

Remark 5.8. The question whether the weak L 1 -type inequality holds, that is whether 

n 

\\[f{A),x}\\ l , 00 <cY,\U ] ,Ah, 

3=1 

remains open. 
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